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Abstract 
In this paper the application of the fictitious cohesive crack model for two-dimensional problems is 
explored. The use of interface elements and the finite element method is considered. A defined 
crack path approach is employed to simulate the propagation process. The fracture zone 
propagation is closely associated to the interface constitutive model. An example problem for a 
fiber-reinforced ceramic is presented to illustrate the simulation procedure. The cohesive crack 
zone is represented by Evans’ model, where fiber bridging and pull-out effects are considered. The 
concepts reviewed here have been reproduced in a condensed form in an extended abstract 
presented at the Joint Conference of Italian Group of Computational Mechanics and Ibero-Latin American 
Association of Computational Methods in Engineering, AIMETA-CILAMCE, in Padova, Italy 
 
 
INTRODUCTION 
Different known toughening mechanisms may be activated during crack propagation in ceramic 
materials [1]: (a) surface energy dissipation, (b) micro cracking, and (c) energy dissipation in the 
wake of the crack path, such as aggregate interlock and bridging. Depending on the assumption of 
the most important mechanism(s), different crack models have been proposed [2,3,4,5,6,7,8]. 
However, there is compelling evidence that the most important toughening mechanism in non-
transforming ceramics at ambient temperature is energy dissipation in the crack wake 
[9,10,11,12,13]. The same can be stated for whisker- and fiber-reinforced ceramics [14,15], and 
other quasi-brittle material such as concrete, cement-based composites and rocks. In this case, a 
cohesive crack model (CCM) is usually employed to take into account the softening strain 
localization phenomenon associated with this dissipation mechanism. 
A model, proposed by Hillerborg et al [4,5] considers the energy dissipation in the wake of the 
crack path, while neglecting the other two toughening mechanisms. CCM is the state-of-the-art tool 
to analyze the fracture behavior of quasi-brittle materials, including concrete, cement-based 
composites, rocks, ceramics, and ceramic composites. 
The applicability of CCM to general mixed-mode conditions has been the focus of recent attention. 
Throughout the 1980's, Ingraffea et al [16,17,18,19,20,21] have employed a strategy of singularity 
near-cancellation to handle mixed-mode crack propagation, with optional load or crack length 
control. Crack stability was controlled by iterating on the load or crack length until residual values 
of stress intensity factors were obtained at the tip of the fictitious crack. Direction of crack 
propagation was computed using these same residual values. This criterion sometimes failed to 
predict accurately the critical load to produce crack extension because the singular elements at the 
crack tip perturbed the stress field in the cohesive zone. Moreover, use of these elements was 
inconsistent with the assumption of singularity cancellation inherent in the CCM. 
Recently, an extension of the fictitious crack model to mixed mode propagation has been proposed 
by Bocca et al [8]. They employed a crack length control scheme with a stress-based crack stability 
criterion. However, only linear softening behavior is possible in this approach. 
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METHODS 
The principle of virtual work is used as the integral statement of equilibrium in the formulation of the 
cohesive crack problem: 
 
  (1) 

    
σ ⋅ δ ε dV

V 
∫ = b ⋅ δ u dV

V 
∫ + p ⋅ δ u dS

S 
∫ 

 
where V is the volume of the body, S defines the external surface of the body, σ is the stress 
tensor, δε is the incremental virtual strain tensor, b is the body force vector acting per unit volume, 
δυ is the incremental virtual displacement vector, and p is the vector of applied tractions. 
Expression (1) is the weak form of the equilibrium equations and is valid for any stress-strain 
constitutive law. 
The cohesive crack model assumes that the process zone can be represented by closing tractions 
pc (Figure 1), acting on both crack faces (pc+ = - pc-). At the tip of the process zone, the normal 
component of pc equals the ultimate tensile strength of the material. Noting that Sσc/2 = Sσc+ = 
Sσc- (Figure 1), one may rewrite (1) as: 
 
 

      
σ ⋅ δ ε dV

V 
∫ = b ⋅ δ u dV

V 
∫ + λ p e ⋅ δ u dS

S σ e 

∫ + p c ⋅ δ u + 
− δ u − ( dS

S σ c 2 
) ∫ 

 

(2) 

 
From (2) it is clear that the problem can be treated by superimposing the effects of the body forces, 
the applied external loads and the cohesive loads when the body volume behaves elastically. The 
cohesive problem can be stated as: 
 

(a) for a given load factor λ, find the process zone size so that the ultimate tensile strength 
is achieved at the tip of the process zone; or alternatively, 
(b) for a given process zone size, find the load factor λ that would allow the ultimate tensile 
strength to be achieved at the tip of the process zone. 
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Figure 1 - Cohesive Crack Problem. 
 
 
Due to the arbitrary nonlinear nature of the softening along Sσc (Figure 1), a numerical technique 
is usually employed to solve the cohesive crack problem. A finite element or a boundary element 
approach is most frequently used to solve the equations of equilibrium. 
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The solution of the fictitious crack problem can be obtained through the use of interface elements 
placed along a predefined crack path. This scheme is referred here as a defined crack path 



strategy [24]. The finite element method is used to generate the solution for each step of 
propagation. The interface elements are associated to a traction-opening model. Thus, if interface 
elements are placed along the known crack path, a solution is obtained with the Dynamic 
Relaxation (DR) solver. The fracture process zone extension is not controlled by the user. It is 
closely related to the constitutive model of the interface elements. The position of the fictitious 
crack tip can be estimated from the opening profile. The compressive stiffness (kc) of the interface 
model (Figure 2) provides continuity to the constitutive model. This property is crucial for DR. In 
addition, overlapping of the crack faces may be prevented by introducing a very large value of kc. 
The elastic behavior ahead of the fictitious crack tip can be handled for small values of crack 
opening. 
Preferably, loading is defined through applied displacements because an equilibrium search is 
performed for each value of the load factor. If applied forces are used, the load capacity of the 
structure should not be exceeded. If it is, equilibrium may be impossible (Figure 3). In this case the 
solution is computed under force control and only the increasing force path is computed. 
Alternatively, a displacement control analysis can be used. For this, it is possible to detect snap-
back. Unfortunately, points along the snap-back softening path cannot be obtained. A sudden jump 
in the force for a small displacement increment indicates the presence of a snap-back condition. 
The force softening with increasing displacements is handled properly through displacement 
control (see snap-through in Figure 3). 
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Figure 2 - General softening model of interface elements. The function g(w) is arbitrary. 
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Figure 3 - Possible equilibrium trajectory curves. 

 
 
RESULTS 
The propagation strategy described in the previous section is employed to model the behavior of 
SEN(B) specimen made of SiC_C(f) composite (Figure 4). The micro-structural parameters 
influencing the cracking of fiber-reinforced ceramic materials, according to Evans [22,23], are the 
ratio between interface and matrix fracture toughness, the interface slipping shear stress, the fiber 
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Weibull parameters (Shape [m] and Scale [S0]), the matrix specific fracture energy and the volume 
of fibers (Vf). When the ratio between interface and matrix toughness is less than 0.25, a high 
fracture toughness for the composite can be achieved due to enhancement of resistance to fiber 
sliding. Evans assumes the energy consumption in the cracking zone due to matrix cracking and to 
fiber debonding is negligible when compared to fiber bridging and fiber pull-out effects. This is 
especially the case when high strength fibers are considered. 
The stress in a non-broken fiber (σb) can be related to the crack opening displacement (w) and to 
the frictional tangential stress (τ) along the fiber-matrix interface when fiber debonding is neglected 
[22,23]: 
 

 
    
σ b = 

2 τ E f 1 + ξ ( ) 1 / 2 

R 

 

 
 
 

 

 
 
 

w 1 / 2  (3) 

 
where Ef and R are the elastic modulus and the radius of the fiber, respectively, ξ = EfVf/EmVm, 
where Em is the elastic modulus of the matrix and Vm (= 1 -Vf) and Vf are the volume fraction of 
the matrix and fibers, respectively. 
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Figure 4 - SEN(B) made of C-SiC ceramic composite. H = 10mm, W = 50mm, Thickness = 5mm. 

 
 
When the fiber breaks inside the matrix, the pull-out stress across the crack plane is given by: 
 

 

    

σ p = τ 
R 

h − w ( ) if  2 h > w 

σ p = 0 if  2 h ≤ w 

 

 
 
 

 

 
 

 (4) 

 
where h is the distance from the broken fiber to the crack plane. The average stress across the 
crack plane as a function of the crack opening (w) is given by: 
 

     σ w ( ) = 1 − q ( ) σ b + q σ p  (5) 
 
where q is the percentage of broken fibers at w, and  σ p  is the average pull-out stress computed from 
(4) for an average value of h. 
Fiber failure is often described by weakest link statistics based on the Weilbull parameters for 
shape and scale (m and S0). Evans employed the concepts described above for negligible residual 
stress composites and reached at the following expression relating stress to crack opening: 
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with 
 

 

S 0
m =

2πR 2 Σm + 1

τ 1 + m( )
, ν = Σ2 R

2 τE f 1 +ξ( )
, ξ =

E f V f

E m 1 −V f( )
α =

w
ν





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1+m( )/ 2

, Γ = β1/ 1+m e − β d β
0

α
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where wc is the critical crack opening displacement and Σ is the fiber tensile strength, related to m 
and S0. The fracture energy, as long as matrix cracking and fiber debonding are disregarded, is 
given by: 
 

 GF = σdw
0

w c

∫  (7) 

 
The constitutive model described above is employed to model the fracture process in a SEN(B) 
specimen (Figure 4) made of a SiC_C(f) composite. Experimental results are provided by Gomina 
et al. [25]. The composite was made by the Societé Européenne de Propulsion (France) and PAN 
precursor carbon fibers were employed. The silicon carbide matrix was deposited by the CVD 
method. A previous numerical study by Llorca [15], from which the model parameters were 
obtained, is also used for comparison. Llorca employed a simplified crack profile-based method in 
his computations. 
The fiber radius (R) and elastic modulus (Ef) are 3µm and 275 GPa. The matrix elastic modulus 
(Em) and the volume fraction of fibers (Vf) are 137 GPa and 0.45. The values of τ, S0 and m are 
given as 20 MPa, 121.35 MPa and 2 (Figure 5). A summary of the computed and observed fracture 
energy and critical crack opening is found in Table 1. The computed values were obtained for the 
parameters (R, Ef, Em, Vf, τ, S0, m) specified above. The differences between this analysis and 
Llorca's are probably due to the way the Γ integral in (6) is evaluated. In this analysis, it is 
computed numerically. 
Initial notch lengths, ao, of 3.5 mm and 4.1 mm have been considered. A defined crack path 
analysis under mid-span displacement control (Figure 4) was performed to predict the load-
displacement curves (Figure 6 and Figure 7). The loads are computed from the support reactions. 
As expected, the beam with the larger initial notch is weaker. The present computed results 
predicted higher maximum loads when compared to the experiments (Table 2). However, a higher 
fracture energy was employed, for the parameters provided by Llorca [15] and a consistent higher 
maximum load was obtained. Notice, however, that the computed and observed displacement at 
peak load (Figures 6 and 7) are close. 
 
 
Table 1 - Summary of observed and computed results. 

Analysis Fracture Energy (KJ/m2) Critical Crack Opening (mm) 

Experimental 2.40 not measured 

Llorca 3.12 0.43 

this analysis 2.98 0.40 
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Table 2 - Load capacity of the beams. 

Analysis Maximum Load 
ao = 3.5 mm (N) 

Maximum Load 
ao = 4.1 mm (N) 

Experimental 230 185 

Llorca 240 200 

this analysis 260 220 
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Figure 5 - Stress-crack opening displacement model for SiC_C(f) ceramic composite according to 

Evans model [22,23]. 
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Figure 6 - Load-displacement curve for a0 = 3.5 mm. 

 
6 



 
 

0.500.400.300.200.100.00
0.0 

50.0

100.0 

150.0 

200.0 

250.0 

Computed

Experimental (Gomina) 

Llorca & Elices 

Displacement [µm] 

Lo
ad

 [N
]

 
Figure 7 - Load-displacement curve for a0 = 4.1 mm. 

 
 
CONCLUSION 
The application of the fictitious cohesive crack model has been investigated for 2D problems with 
predefined crack path. Nonlinear interface elements have been used to model the cohesive zone 
softening behavior. 
The application of the mentioned propagation strategy has been applied to model a SEN(B) 
specimen made of SiC_C(f) composite. Results have shown qualitative agreement. However, the 
micro-mechanical model has been observed to be very sensitive to the numerical technique to 
compute its parameters. The differences between this analysis and Llorca's are probably due to 
this fact. The present computed results predicted higher maximum loads when compared to the 
experiments. However, it should be noted that a higher fracture energy was employed and a 
consistent higher maximum load was obtained. It should be pointed out that the computed and 
observed displacements at peak load are very close. 
The example illustrates how the same capabilities used to model the cohesive fracture processes 
in ceramics can be extended to consider ceramic composite materials. This type of numerical 
capability can be valuable when designing a new composite material. The influence of each of the 
composite constituents parameters can be evaluated within the assumptions of a micro-
mechanical model. The information can then be processed in order to achieve a higher strength in 
the presence of initial cracks by enhancing the effective toughness of the ceramic composite. 
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